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Abstract:  In this paper, we suggest a possible series form solution to the Navier-Stokes equation 
and the Euler equation. With the initial velocity vector known, a series form solution for the 
velocity vector and pressure can be calculated. We admit that the convergence of these series still 
need to be proved before completely solving the existence of the Navier-Stokes equation and the 
Euler equation.  
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1. The Equations 
The Euler and Navier–Stokes equations[1] describe the motion of a fluid in 
3R . These equations 
are to be solved for an unknown velocity vector 
3)),,,(),,,,(),,,,(( Rtzyxwtzyxvtzyxu   and pressure Rtzyxp ),,,( , 
defined for position 
3),,( Rzyx   and time 0t . For the incompressible fluids filling all 
of 
3R , the Navier–Stokes equations are given by: 
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Where )),,(),,,(),,,(( 000 zyxwzyxvzyxu  is a given, 
C divergence–free vector field 
on
3R , it is the initial condition. )),,,(),,,,(),,,,(( 321 tzyxftzyxftzyxff   is a 
given externally applied force (e.g. gravity). 0  is a positive coefficient (the viscosity), and  
the Euler equations are the above equations with 0 . 
For physically reasonable solutions, it is supposed that )],0[[,,, 3   RCwvup . For this 
purpose, the initial velocity is restricted, so that for all positions ),,( zyx , time t  and any 
nonnegative integers m,,,  and any 0K  there are constants KC ,,,  and KmC ,,,,  , such 
that the following (1.6)-(1.11)hold: 
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And there is a constant C such that: 
  Cdxdydztzyxwtzyxvtzyxu
R
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2. Polynomial Expansions 
 
To solve the above equations, we use the polynomial expansions along time t, let:  
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3. Solution To The Coefficient functions  
 
Since ),,(),,,(),,,( 000 zyxwzyxvzyxu  are already known, we need to solve the following 
coefficient functions: 
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For any 1n , if ),,(),,,(),,,( 000 zyxwzyxvzyxu , …, ),,(1 zyxun  , ),,(1 zyxv n  , 
),,(1 zyxw n  have already been solved, we can then solve:  
),,(1 zyxpn  , ),,( zyxun , ),,( zyxv n , ),,( zyxw n  
by applying the polynomial expansions  (2.1)-(2.7) into (1.1)-(1.3) and comparing the coefficients 
of 
1nt and get: 
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We can also apply the polynomial expansions (2.1)-(2.3) into (1.4) and compare the coefficients 
of 
nt and get: 
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From (3.1),(3.2), (3.3), (3.4), we can get a poisson equation of 1np : 
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Where ),,(1 zyxn is an already known function.  
 
Using the green’s function method, we can get: 
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After that, we can get ),,(),,,(),,,( zyxwzyxvzyxu nnn  from (3.1),(3.2),(3.3). 
Let n  go from 1 to infinite, all the following are solved:  
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Hence, we have got the following series form solution to the Navier-Stokes equation: 
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However, the convergence of these series have not been proved. 
 
Since the above process also hold when 0 , a series form solution can also be got for 
the Euler equation, and their convergence also need further to be proved. 
 
 
4. Discussions and conclusions 
 
It can be seen that the most important point of this paper is the use of polynomial expansions along 
time t, so that the solution to the original complicated equations can be transformed into the solution 
of poisson equations whose solution is well-known. The polynomial expansions have been 
succeeded in getting a possible series solution to the Navier-Stokes equation and the Euler equation, 
but the convergence of these series have not been proved. 
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